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Today we will discuss...

@ Introduction

© Schrodinger's equation

© Simulating Hamiltonians Classically
@ Simulating Hamiltonians Quantumly
© Conclusion

@ References
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Introduction (1)

What is quantum simulation?
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Introduction (1)

What is quantum simulation?

For a particular model of a quantum system, its simulation consists of the
ability to emulate how the system changes over time.
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Introduction (2)
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)

...where:
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)

...where:

© 7 — the (reduced) Planck constant;
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)

...where:

© 7 — the (reduced) Planck constant;
We can approximate it to h ~ 1;
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)

...where:

© 7 — the (reduced) Planck constant;
We can approximate it to h ~ 1;

Q H — the Hamiltonian.
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Hamiltonians (1)

The Hamiltonian gives the quantum-mechanical energy of the system.

Schrédinger's equation:

L dvy
h——~ = H|V
ILdt W)

...where:

© 7 — the (reduced) Planck constant;
We can approximate it to h ~ 1;

Q H — the Hamiltonian.

The Hamiltonian allows for time independent Schrodinger’s equation!

Valentin-loan VINTILA

Q-Sim: Perceiving nature through Quantum 16 May 2023



Hamiltonians (2)

The Hamiltonian is Hermitian: H = HT.
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Hamiltonians (2)

The Hamiltonian is Hermitian: H = HT.

Thus, it can be written in a diagonal form:

E;
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Hamiltonians (2)

The Hamiltonian is Hermitian: H = HT.

Thus, it can be written in a diagonal form:

E;
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Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.
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Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.

The lowest energy is called ground state energy.
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Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.

The lowest energy is called ground state energy.

Example:
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Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.
The lowest energy is called ground state energy.

Example: H = iwX (where w is constant, X is the NOT gate)

Valentin-loan VINTILA

Q-Sim: Perceiving nature through Quantum 16 May 2023



Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.
The lowest energy is called ground state energy.
Example: H = iwX (where w is constant, X is the NOT gate)

(Eigenvalue, Eigenvector)x € {(1, I+)), (-1, \—))}
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Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.
The lowest energy is called ground state energy.
Example: H = iwX (where w is constant, X is the NOT gate)

(Eigenvalue, Eigenvector)x € {(1, I+)), (-1, \—))}

(Eigenvalue, Eigenvector)y € {(hw, |-+)), (—hw, |—>)}

Valentin-loan VINTILA

Q-Sim: Perceiving nature through Quantum 16 May 2023



Hamiltonians (3)

In physics, the eigenvalues of a Hamiltonian represent energy.

The lowest energy is called ground state energy.

Example: H = iwX (where w is constant, X is the NOT gate)
(Eigenvalue, Eigenvector)x € {(1, I+)), (-1, \—))}

(Eigenvalue, Eigenvector)y € {(hw, |-+)), (—hw, |—>)}

Ground state energy: —hw
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Functions applied on diagonal matrices

Let D € C"™*" be a diagonal matrix and f : C — C a function.
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Functions applied on diagonal matrices

Let D € C"™*" be a diagonal matrix and f : C — C a function.

It can be proven that:

d1 f(ch)

F(D) = f % } - )
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Functions applied on diagonal matrices

Let D € C"™*" be a diagonal matrix and f : C — C a function.

It can be proven that:

d1 f(ch)

F(D) = f % } - )

dn ) f(dn)

So, it is very easy to exponentiate!
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Functions applied on diagonal matrices

Let D € C"™*" be a diagonal matrix and f : C — C a function.

It can be proven that:

di f(d1)
F(D) = f % } )

dn ) f(dn)

So, it is very easy to exponentiate!

D= En:dkm(k\ = el = zn:edk‘k>(k|
k=0

k=0
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Schrédinger’s equation (1)

Let's check if the following is a solution for the Schrodinger’s equation:

wie)) e (-7 ) 19(0)
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Schrédinger’s equation (1)

Let's check if the following is a solution for the Schrodinger’s equation:

wie)) e (-7 ) 19(0)

So, by differentiation:

%’\W = —% : [exp <—'Hht) : |\|;(0)>} _ _%|W>

Valentin-loan VINTILA Q-Sim: Perceiving nature through Quantum 16 May 2023



Schrédinger’s equation (1)

Let's check if the following is a solution for the Schrodinger’s equation:

wie)) e (-7 ) 19(0)

So, by differentiation:
d iH iHt iH
rriiai [EXP (‘n) | ""(0”} =3V

Substituting in Schrodinger’s equation, we get:

d|w
ih|dt> = H|V) & HW) = H|V)
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Schrédinger’s equation (2)

The formula can be rewritten for t; and t> instead:

(e = exp (-0 ) (e
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Schrédinger’s equation (2)

The formula can be rewritten for t; and t> instead:

(e = exp (-0 ) (e

The exp can actually be written as a unitary quantum gate:

iHAt
U(t1, t2) = exp <—I )

h
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Schrédinger’s equation (2)

The formula can be rewritten for t; and t> instead:

(e = exp (-0 ) (e

The exp can actually be written as a unitary quantum gate:

iHAt
U(t1, t2) = exp <—I )

h

Trivial proof: UUT = exp (—HAL) exp (+HAL) = |,
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More matrix exponentiation

Please note that:

‘exp(A) exp(B) = exp(A + B) iff A, B commute
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More matrix exponentiation

Please note that:

‘exp(A) exp(B) = exp(A + B) iff A, B commute

In our case, H and —H do in fact commute.
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Unitary gates <+ Hamiltonians

We know that U = exp(iK).
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Unitary gates <+ Hamiltonians

We know that U = exp(iK).

We can thus conclude that K = —ilog U.
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Unitary gates <+ Hamiltonians

We know that U = exp(iK).

We can thus conclude that K = —ilog U. However, U is diagonal(izable),
meaning that the log operation will be directly applied on the elements:

n

K = ~i'3 " (log ui) k) (K]

k=1
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Unitary gates <+ Hamiltonians

We know that U = exp(iK).

We can thus conclude that K = —ilog U. However, U is diagonal(izable),
meaning that the log operation will be directly applied on the elements:

n

K = ~i'3 " (log ui) k) (K]

k=1

Consider uy = €%k, since these are the eigenvalues of an unitary matrix:

n
K= oulk)(k| = K is Hermitian
k=1
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Simulating Hamiltonians Classically (1)

Classically — very inefficient!
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Simulating Hamiltonians Classically (1)

Classically — very inefficient! But why?
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Simulating Hamiltonians Classically (1)

Classically — very inefficient! But why?

In order to write the Hamiltonian for a particle moving in space, we need
to use the position basis.
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Simulating Hamiltonians Classically (1)

Classically — very inefficient! But why?

In order to write the Hamiltonian for a particle moving in space, we need
to use the position basis.

We define the state of a particle as a function of its position:

x|¥) = W(x)
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Simulating Hamiltonians Classically (2)

2
ih%\u(x) = [_21m : % + V(X):| V(x)

...where:
o —.L. 2 _ kinetic ener art;
2m  Ox? gy part,
@ V/(x) — potential energy part.
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Simulating Hamiltonians Classically (2)

2
ih%lll(x) = [_21m : % + V(X):| V(x)

...where:

2 N~
(1) —% . % — kinetic energy part;

@ V/(x) — potential energy part.

_1 . 2
2m  Ox2

some physical particles.

In total, [ + V/(x)| is the Hamiltonian in position basis for
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Simulating Hamiltonians Classically (3)

2
ih%\ll(x) = [—;ﬂ . % + V(X):| V(x)

So what is the problem?
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Simulating Hamiltonians Classically (3)

So what is the problem?

We need to solve a second order differential equation:
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Simulating Hamiltonians Classically (3)

So what is the problem?

We need to solve a second order differential equation:

@ For 1 qubit, we need to solve 2 equations;
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Simulating Hamiltonians Classically (3)

So what is the problem?

We need to solve a second order differential equation:
@ For 1 qubit, we need to solve 2 equations;

@ For 2 qubits, we need to solve 4 equations;
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Simulating Hamiltonians Classically (3)

So what is the problem?

We need to solve a second order differential equation:
@ For 1 qubit, we need to solve 2 equations;
@ For 2 qubits, we need to solve 4 equations;

@ For k qubits, we need to solve 2% equations.
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Local interactions

Assumption (simplification): Only particles that are close together
actually interact with each other.
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Local interactions

Assumption (simplification): Only particles that are close together
actually interact with each other.

This assumes local interactions.
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Hamiltonian simplification

Let’s start with the time-independent formula for H:

W(t)) = e " w(0))
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Hamiltonian simplification

Let’s start with the time-independent formula for H:
W(1)) = e~ |w(0))

However, H is hard to approximate/compute.
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Hamiltonian simplification

Let’s start with the time-independent formula for H:
W(1)) = e~ |w(0))
However, H is hard to approximate/compute.

Since we assumed local interactions, H can be split into multiple, smaller
Hamiltonians:
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Hamiltonian simplification

Let’s start with the time-independent formula for H:
W(1)) = e~ |w(0))

However, H is hard to approximate/compute.

Since we assumed local interactions, H can be split into multiple, smaller
Hamiltonians:

Now, Hy is easy to approximate. BUT, unfortunately, no commutation:

n
e*izk Ht # H e*l‘Hkt
k=1

Valentin-loan VINTILA Q-Sim: Perceiving nature through Quantum 16 May 2023



Trotter's formula

Trotter’s formula comes to the rescue:

in_Joo (%) e (2] e+ 80

n——+o00

(for A, B hermitian matrices)
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Trotter's formula

Trotter’s formula comes to the rescue:

Jlim_ [exp (’f‘f) exp <”it)] " exp (i(A+ B)Y)

(for A, B hermitian matrices)

We now have the following approximation:

exp(i(A + B)At) = exp(iAAt) - exp(iBAL) + O(At?)
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Trotter's formula

Trotter’s formula comes to the rescue:

Jlim_ [exp (’Ant> - exp <”it)] e (i(A + B)t)

(for A, B hermitian matrices)

We now have the following approximation:
exp(i(A + B)At) = exp(iAAt) - exp(iBAL) + O(At?)

Or even better:

iAAL

AN
exp(i(A+ B)At) = exp <I2t) - exp(iBAt) - exp (

) + 0(At3)
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Schrédinger’s equation revised (1)

We have already arrived at the following form:

T VX = "o e

o[ 2,

+ V(x)} W(x)
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Schrédinger’s equation revised (1)

We have already arrived at the following form:

2
ihaat\ll(x) = [_;n : ;{2 + V(x)} V(x)

This means that H can be simply written as:

1 82 p2
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Schrédinger’s equation revised (2)

At the same time, the wave function can be written as:

W)= [ o) ox

—00
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Schrédinger’s equation revised (2)

At the same time, the wave function can be written as:

W)= [ o) ox

—00

In practice, the evolution is happening in finite space, thus the wave
function can be rewritten as a sum of chunks:

d

Ax

W) = D alkAx)

—_d
k= Ax
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Schrédinger’s equation revised (2)

At the same time, the wave function can be written as:

W)= [ o) ox

—00

In practice, the evolution is happening in finite space, thus the wave
function can be rewritten as a sum of chunks:

d

Ax

W) = D alkAx)

—_d
k= Ax

In total, there are % + 1 chunks
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Schrédinger’s equation revised (2)

At the same time, the wave function can be written as:

W)= [ o) ox

—00

In practice, the evolution is happening in finite space, thus the wave
function can be rewritten as a sum of chunks:

d

Ax

W) = D alkAx)

—_d
k= Ax

In total, there are % + 1 chunks — but the chunk can express 2" equations!
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Schrédinger’s equation revised (3)

So this is where the advantage in quantum comes from!
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Schrédinger’s equation revised (3)

So this is where the advantage in quantum comes from!

Conclusion: In practice, using qubits instead of classical bits reduces the
complexity from O(2") to O(n?)!
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Conclusion (1)

So why do we care?
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Conclusion (1)

So why do we care?

This whole presentation described Hamiltonians, which are at the heart of
quantum chemistry simulations!
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Conclusion (2)

Consider the following molecular Hamiltonian:
H = EKE + NKE + ENC + EEC + NNC

Where:
@ EKE = — 3/, 1V2, the electron kinetic energy;
@ NKE = ZA 1 2MAV2, the nucleus kinetic energy;
Q@ ENC = - Zi:l Z,’\il f—;‘v2, the electron-nucleus coulomb energy;

Q@ EEC = Zj>,- ri the electron-electron coulomb energy;
Q@ NNC = ZB>A

rAB , the nucleus-nucleus coulomb energy;
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Conclusion (3)

Using that formula, alongside Born-Oppenheimer’s approximation
(nuclei are fixed in space), molecules can be modeled!
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References

For this presentation, | recommend:
e Quantum Computation and Quantum Information (Nielsen, Chuang)

e 2.2.2. Evolution;
e 4.7. Simulation of quantum systems.

@ Qiskit’'s 2022 summer school materials;

@ Qiskit's 2020 summer school materials.
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Thank you!

This presentation was held for the IQC course.
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